We study the spin-wave spectrum of the Heisenberg antiferromagnet on a bipartite lattice. The spin-wave spectrum on a Néel-ordered ground state is bounded as ε(k) ≤ c|k|, where c gives an upper bound for the spin-wave velocity.
i.e., magnons. The linear spin-wave theory predicts the gapless k-linear dispersion relation, ε(k) ≃ 2 √ dSJ|k|, for small k.
In this letter we consider the quantum Heisenberg and XXZ antiferromagnets on the 
where 0 ≤ ∆ ≤ 1 and the summation runs over all the nearest-neighbor sites. The system size of Λ is N(= L d ). We show an upper bound for the spectrum of elementary excitations on the Néel-ordered ground states. We find that the excitation spectrum is bounded as ε(k) ≤ c|k|, where the constant c gives an upper bound for the spin-wave velocity. For S ≫ 1, the upper bound c coincides with the result of the spin-wave approximation. In the Appendix, we show some rigorous results for the large-S Heisenberg antiferromagnet.
Let us consider the system under the small staggered magnetic field whose Hamiltonian is
where
We denote the normalized ground state as |Φ GS,B . We take a thermodynamic limit applying an infinitesimally small field B. The staggered magnetization is given by
As an excited state, we consider the following standard trial state
1/2 . When spins lie in the xy plane, the operation of S z i
flips the spin at the site i. The excitation energy of |Ψ B (k) is given by
We take the momentum k as k = 0, k = (π, . . . , π) and show an upper bound of the spin-wave spectrum as follows.
2
Theorem: If the ground state has a Néel order, i.e., if m s > 0, the energy spectrum
for α = x, y and z, and
Proof. As in ref. 13 , the excitation energy of |Ψ B (k) is calculated as
The excitation energy in the thermodynamic limit is given by
where S z ⊥ (k) denotes the structure factor of the Néel-ordered ground state,
which describes correlations of spins transverse to the magnetic field. To bound the structure factor for the Heisenberg model from below, we use the correlation inequality by Shastry,
This bound can be extended to the anisotropic model (2) in the form
Using eqs. (11) and (14), we obtain eq. (7).
Consequently, the lowest spin-wave spectrum is bounded from above by a gapless k-linear dispersion relation. We thus find that the spin-wave velocity v s is bounded from above in the form
The expectation value ε(k) can be bounded from below as well. The transverse structure factor S z ⊥ (k) is bounded from above in the form
Note that theorem 4.1 of ref. 1 is applicable to the Hamiltonian (2). Using this inequality, we obtain
(We remark that this gives only a lower bound for the expectation value of the single-mode approximation and not for the spin-wave spectrum.) Both the upper and lower bounds have the k-linear dispersion relation for small k. We thus find that ε(k) has the gapless k-linear dispersion relation.
Finally, we discuss the large-S limit of the spectrum. For the Heisenberg antiferromagnet,
we have
We show a proof in the Appendix. From these rigorous results, we find that in the large-S limit the upper bound for the Heisenberg model coincides with the lower bound and we
This is the same result as that given by the spin-wave theory. 9, 10) We thus find that the single-mode approximation gives a precise spin-wave spectrum in the large-S limit. For the large-S XXZ model (0 ≤ ∆ < 1), it is expected that the ground state becomes the Néel state and we have ρ x ≃ S 2 , ρ y ≃ O(S), ρ z ≃ O(S) and m s ≃ S, though we have not proven it. Then we expect that the upper bound for the spectrum behaves as
This spectrum coincides with that given by the linear spin-wave theory for the XXZ model.
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Appendix. Some rigorous results for the large-S Heisenberg antiferromagnet
In this appendix we show bounds for m s , ρ x , ρ y and ρ z in the Heisenberg antiferromagnet on square and cubic lattices. From these bounds, we obtain the S dependence of these values in the S → ∞ limit.
The quantities m s , ρ x , ρ y and ρ z are bounded from above by the norms of local operators.
Hence, we obtain
and
The value (−ρ x − ρ y − ρ z ) is the ground-state energy per bond, whose bounds were shown by Anderson 16) in the form
To bound m s from below, we use Koma and Tasaki's inequality 3) m s ≥ 3 lim 
The integral I d is finite for d ≥ 2. It was shown that the r.h.s. of the inequality (26) is positive for S ≥ 1 in the two-and three-dimensional systems. 4, 17) Using eqs. (24)- (26), we obtain bounds of m s in the form
for S ≥ 1. Thus we find lim S→∞ m s /S = 1.
To bound ρ x , ρ y and ρ z from below, we use eqs. (13) and (16), from which we find 
From symmetry of the Hamiltonian, i.e., ρ y = ρ z , we obtain m s 2 ≤ ρ x + ρ y .
Using eqs. (31) and (24), we obtain m s 2 + ρ y ≤ S(S + 1/2d),
where we have used ρ y = ρ z . Using eqs. 
